We introduce a relative tensor product of C * -modules and a spatial fiber product of C * -algebras that are analogues of Connes' fusion of correspondences and the fiber product of von Neumann algebras introduced by Sauvageot, respectively, and study their categorical properties. These constructions form the basis for our approach to quantum groupoids in the setting of C * -algebras that is published separately.
Introduction and Preliminaries
We introduce a relative tensor product of C * -modules and a fiber product of C * -algebras, study their categorical properties, and give some examples. These constructions are fundamental to our approach to quantum groupoids in the setting of C * -algebras. Roughly, a quantum groupoid consists of an algebra B, thought of as the functions on the unit space, an algebra A, thought of as functions on the total space, a homomorphism r : B → A and an antihomomorphism s : B → A corresponding to the range and the source map, and a comultiplication ∆ : B → A s * r A corresponding to the multiplication of the quantum groupoid. Here, the algebra A s * r A is a fiber product whose precise definition depends on the class of the algebras involved. In the purely algebraic context, this fiber product is the × R -product of Takeuchi [20] , whereas in the setting of operator algebras, one represents A on a Hilbert space H that arises from some GNS-construction for the Haar weights of the quantum groupoid, and constructs the fiber product A s * r A as an operator algebra on a relative tensor product H s ⊗ r H. In the setting of von Neumann algebras, the relative tensor product H s ⊗ r H was defined by Connes and is often called Connes' fusion, see [3, 9, 16] , the fiber product A s * r A was defined by Sauvageot [17] , and the data (B, A, r, s, ∆) forms a Hopf-von Neumann bimodule in the sense of Vallin [27] . We propose the corresponding definitions for the setting of C * -algebras and use them in [21] to define and study compact C * -quantum groupoids. Let us add that in the setting of von Neumann algebras, a comprehensive theory of measurable quantum groupoids was developed by Lesieur and Enock [6, 7, 8, 14] . Similarly as in the theory of quantum groups, an important role in operatoralgebraic approaches to quantum groupoids is played by fundamental unitaries that generalize the multiplicative unitaries of Baaj and Skandalis [1] . In the setting of von Neumann algebras, these unitaries were introduced by Vallin [28] . Using the theory presented in this article, we introduced and studied fundamental unitaries for quantum groupoids in the setting of C * -algebras [23, 24] , generalizing large parts of [1] . For space reasons, these applications had to be kept separate; an article is in preparation. An earlier approach to quantum groupoids and their fundamental unitaries in the setting of C * -algebras was developed in [22, 26] . The theory presented here and in [21, 23, 24] overcomes serious restrictions of this previous approach; see [25] for a comparison. Although our approach is based on the theory of Hilbert C * -modules, it only involves elementary algebraic constructions and can easily be adapted to a variety of settings like the purely algebraic one or the setting of von Neumann algebras, where one recovers the constructions mentioned above. This work was supported by the SFB 478 "Geometrische Strukturen in der Mathematik"
1 and partially pursued during a stay at the "Special Programme on Operator Algebras" at the Fields Institute in Toronto, Canada, 2007.
Plan Let us describe the plan of this paper in more detail. In the first part, we introduce a new class of modules over C * -algebras and a relative tensor product for such modules that is closely modeled after Connes' fusion of correspondences. The relative tensor product has nice functorial properties and can be considered as the composition in a bicategory of modules. We carefully motivate our definitions and explain the close relation between the setting of C * -algebras and W * -algebras which appears both on the formal level and in form of several functors. In the second part, we consider C * -algebras and W * -algebras represented on modules and construct a fiber product of such algebras. We start with a reformulation of Sauvageot's construction [16] for W * -algebras and then introduce a spatial fiber product of C * -algebras. As in the setting of W * -algebras, our fiber product is functorial, but unfortunately it fails to be associative. This deficiency is shared by Takeuchi's × R -product; in all of our applications [21, 23, 24] , nonassociativity will be compensated by some form of coassociativity. In the final subsection, we study fiber products of commutative C * -algebras and give some examples. In the appendix, we construct a minimal fiber product of C * -algebras that is independent of chosen representations as a Kan extension.
Terminology and notation Given a subset Y of a normed space X, we denote by [Y ] ⊂ X the closed linear span of Y . All sesquilinear maps like inner products of Hilbert spaces are assumed to be conjugate-linear in the first component and linear in the second one. Let H, K be Hilbert spaces. We canonically identify L(H, K) with a subspace of L(H ⊕ K). Given subsets X ⊆ L(H) and Y ⊆ L(H, K), we denote by X ′ the commutant of X and by Y the σ-weak closure of Y . Given a C * -subalgebra A ⊆ L(H) and a * -homomorphism π : A → L(K), let
We use the ket-bra notation and define for each ξ ∈ H operators |ξ : C → H, λ → λξ, and ξ| = |ξ * : H → C, ξ ′ → ξ|ξ ′ .
Hilbert C * -modules We shall extensively use (right) Hilbert C * -modules [12] . Let A and B be C * -algebras. Given Hilbert C * -modules E and F over B, we denote the space of all adjointable operators E → F by L B (E, F ). Let E and F be C * -modules over A and B, respectively, and let π : A → L B (F ) be a * -homomorphism. Then the internal tensor product E ⊗ π F is the Hilbert C * -module over B [12, §4] which is the closed linear span of elements η ⊗ π ξ, where η ∈ E and ξ ∈ F are arbitrary, and η ⊗ π ξ|η ′ ⊗ π ξ ′ = ξ|π( η|η ′ )ξ ′ and (η ⊗ π ξ)b = η ⊗ π ξb for all η, η ′ ∈ E, ξ, ξ ′ ∈ F , and b ∈ B. We denote the internal tensor product by " " and drop the index π if the representation is understood; thus, for example, E F = E π F = E ⊗ π F . We also define a flipped internal tensor product F π E as follows. We equip the algebraic tensor product F ⊙ E with the structure maps ξ ⊙ η|ξ ′ ⊙ η ′ := ξ|π( η|η ′ )ξ ′ , (ξ ⊙ η)b := ξb ⊙ η, form the separated completion, and obtain a Hilbert C * -B-module F π E which is the closed linear span of elements ξ π η, where η ∈ E and ξ ∈ F are arbitrary, and ξ π η|ξ ′ π η ′ = ξ|π( η|η ′ )ξ ′ and (ξ π η)b = ξb π η for all η, η ′ ∈ E, ξ, ξ ′ ∈ F , and b ∈ B. As above, we drop the index π and simply write " " instead of " π " if the representation π is understood. Evidently, the usual and the flipped internal tensor product are related by a unitary map Σ :
Again, we drop the supscript π in l π F (ξ) and r π F (ξ) if this representation is understood. Finally, let E 1 , E 2 be C * -modules over A, let F 1 , F 2 be C * -modules over B with * -homomorphisms
Weights We shall use the theory of proper KMS-weights on C * -algebras [10] and adopt the following conventions. Let µ be a faithful proper KMS-weight on a C * -algebra B. We denote by N µ = {b ∈ B | µ(b * b) < ∞} the space of square-integrable elements, by σ µ the modular automorphism group, by H µ the GNS-space, by Λ µ : N µ → H µ the GNS-map, and by J µ : H µ → H µ the modular conjugation associated to µ. We denote by B op the opposite C * -algebra of B, which coincides with B as a Banach space with involution but has the reversed multiplication, and by
One easily verifies that µ op is a faithful proper KMS-weight, that the modular automorphism group σ µ op is given by σ
op . Moreover, one can always choose the GNS-space and GNS-map for µ op such that
We shall also use the theory of normal semifinite faithful weights on W * -algebras and von Neumann algebras, standard results and notation of Tomita-Takesaki theory [19] , and the fact that every faithful proper KMS-weight µ on a C * -algebra B extends uniquely to a normal semifinite faithful weightμ on π µ (B)
′′ . Usually, we will identify B and B op with operators on H µ without explicitly mentioning π µ or π µ op .
The relative tensor product
In this section, we introduce a framework of bimodules over operator algebras and a relative tensor product for such modules that is closely modeled after Connes' fusion of correspondences [3] . The main definitions and constructions are of a purely algebraic nature; therefore, we can treat the case of C * -algebras and of W * -algebras simultaneously.
Motivation
The main problem in the construction of a relative tensor product for modules over C * -algebras is to find the appropriate notion of a module. In this subsection, we motivate our approach. Let us first recall the construction of the relative tensor product in the setting of von Neumann algebras [3, 9, 16] . The starting point is a W * -algebra B with a normal semifinite faithful weight µ, a representation of the opposite W * -algebra B op on a Hilbert H, and a representation of B on a Hilbert space K. The original construction of Connes involves the concept. An element η ∈ H B is called µ op -bounded if there exists a (necessarily unique) operator R µ op (η) : 
and a sesquilinear form · | · on the algebraic tensor product
The relative tensor product of H and K with respect to µ is the Hilbert space obtained from D(H; µ op ) ⊙ K by forming the separated completion with respect to this sesquilinear form. Equivalently, one can define the relative tensor product without reference to bounded elements. Let
Then I * I ⊆ (B op ) ′ = B, and we can define a sesquilinear form ·|· on the algebraic tensor product I ⊙K by T ⊙ξ|T
⊙ ξ extends to an isometry between the Hilbert space completions for the respective sesquilinear forms introduced above, and one can show that this isometry is an isomorphism. Let us note that in the setting of von Neumann algebras, the representation of B op on H is completely determined by the space I and conversely [18] ; this correspondence is an easy consequence of von Neumann's bicommutant theorem. We want to adapt the construction outlined above to the setting of C * -algebras and face the following problem. If B is a C * -algebra, then the commutant
is B ′′ and in general not B, and we can not use formula (2) to define a sesquilinear form as in (3) . Apparently, we need to replace the space D(H; µ op ) or, equivalently, the space I defined in (4) by a subspaceĨ ⊆ I that is small enough in the sense that I * Ĩ ⊆ B and large enough in the sense thatĨH µ is dense in H. In general, such a subspaceĨ is not uniquely determined by a representation of B op on H alone. But conversely, each such subspaceĨ determines a representation of B op on H by the formula b op T ζ = T b op ζ for all T ∈Ĩ and ζ ∈ H µ . Therefore, we shall make such a subspaceĨ part of the module structure on H. For illustration, let us consider the following special case. Assume that B = C(X) for some compact space X. Then the representation of B op = B on H allows us to write H as a direct integral of a measurable field of Hilbert spaces on X, and I corresponds the space of all measurable essentially bounded sections of this field. Now, to choose a subspaceĨ ⊂ I as above is essentially equivalent to choosing a continuous structure on the measurable field. Usually, such a continuous structure is not uniquely determined by the measurable structure.
Background on modules of operators
Before we introduce the classes of modules involved in the relative tensor product construction, we fix some terminology and recall several results on modules of operator algebras that are concrete in the sense that they are represented as operators between Hilbert spaces. We denote by [X] the norm-closed and by X the σ-weakly closed linear span of a set X of operators. iii) There exists a normal * -homomorphism ρ E : There exist functors Proof. The existence of the categories and functors is evident. The last assertion above is proved in [18] .
The preceding proposition implies the following easy result:
Corresponding assertions hold for concrete W * -modules and W * -algebras.
Modules and bimodules over algebras and bases
We shall define a relative tensor product for the following classes of modules: The following properties of morphisms are easily verified: 
Proposition 2.7. For each nondegenerate concrete C * -algebra A H , there exist functors 
If we pass from von Neumann algebras to concrete C * -algebras, the equivalence breaks down -the condition on the left hand side is too weak, whereas the other two conditions are too strong. The solution is to replace the commutants A ′ and B ′ by suitable C * -subalgebras.
of a Hilbert space H and commuting nondegenerate C * -algebras or von Neumann algebras
Examples 2.9. i) We denote by t = (C, C, C) the trivial C * -base, given by the Hilbert space C and twice the 
Similarly as in iv), we associate to every normal semifinite faithful weight
µ on A a W * -base (H µ , π µ (A), π µ op (A op )),
Let µ be a proper KMS-weight on a C
* -algebra A and a the C * -base associated to it as in iv). Then µ extends to a normal semifinite faithful weight µ on π µ (A) , and the W * -base associated toμ above can be identified with a , as one can deduce from [11, §1.7] .
From now on, we always denote C * -and W * -bases as follows: 
Till the end of this subsection, let a = (H, A, A † ) and b = (K, B, B † ) be C * -bases. Proposition 2.7 and relation (5) imply:
and then the functors mr and rm are inverse isomorphisms of categories. Examples 2.12.
ii) Let H be a Hilbert space and
iv) The category C * -mod a,b has direct sums, which can be constructed as
and that with respect to these maps, ⊞ i H i is the direct sum of the family 
2.4
The relative tensor product in the setting of C * -algebras
The relative tensor product of modules introduced below is a simple algebraic reformulation of Connes' fusion and was motivated already in Subsection 2.1. We first consider the setting of C * -algebras. Throughout this subsection, let a, b, c, d be C * -bases as in (6) . Let H β be a C * -B K -module and K γ a C * -B † Kmodule. Then the relative tensor product of H β and K γ is the Hilbert space
It is spanned by elements ξ ζ η, where ξ ∈ β, ζ ∈ K, η ∈ γ, and the inner product is given by ξ ζ η|ξ
By definition and by Proposition 2.2 ii), there exist isomorphisms
The proof of the following result is straightforward:
We put
By Proposition 2.2 and 2.4, we have isomorphisms
ρ |β 1 : ρ γ (B) ′ → [|β 1 β| 1 ] ′ ⊆ L(H β ⊗ b γ K), T → id n * γ T n γ =: id T, ρ |γ 2 : ρ β (B † ) ′ → [|γ 2 γ| 2 ] ′ ⊆ L(H β ⊗ b γ K), S → m * β Sm β id =: S id . Lemma 2.15. Let T ∈ ρ γ (B) ′ , S ∈ ρ β (B † ) ′ .
If one of the following conditions holds, then
If T ∈ ρ γ (B) ′ and S ∈ ρ β (B † ) ′ satisfy one of the conditions i)-iii) above, we put
the C * -or W * -algebra, respectively, generated by all operators a ⊗ b b, where
Hence
In the situation above, we call H ⊗ b K the relative tensor product of H and K.
Note the following commutative diagram, where the morphisms are concrete C * -modules and composition is defined as in C * -mod:
The relative tensor product has the following categorical properties:
ii) The composition of the maps
canonical inclusions and projections, respectively. Then there exist inverse isomorphisms
Proof. i) If S, T are as above and
Recall that a bicategory B consists of a class of objects ob B, a category B(A, B) for each A, B ∈ ob B whose objects and morphisms are called 1-cells and 2-cells, respectively, a functor c A,B,C :
subject to several axioms [13] . Tedious but straightforward calculations show: • the functor c a,b,c is given by
respectively, and the identity 1 a is A † H A for all C * -bases a, b, c, d;
• a, r, l are as in Proposition 2.17.
2.5
The relative tensor product in the setting of W * -algebras 
ii) There exists a functor · :
-bimod, and φ a = id H for each object a.
The preceding constructions are related to Connes' fusion (see Subsection 2.1) as follows. 
Then there exists a unitary
) and σ = ρ γ | B by Proposition 2.3. Now, there exists an isometry V H ρ ,K σ as claimed because for all ω, ω 
This isometry is surjective because the relation [R
µ op (D(H; µ op ))H µ ] = H [19, (proof of) Lemma IX.3.3] implies (m β id)(V H ρ ,K σ (H ρ ⊗ µ σ K)) = [R µ op (D(H; µ op ))H µ ] γ = (m β id)(H β ⊗ b γ K).:= ρ β : B op → L(H), σ := ρ γ : B → L(K). Then β = L ρ (H µ , H), γ = L σ (H µ , K),
and we have isomorphisms
There exists a bicategory such that the objects are W * -algebras with fixed normal semifinite faithful weights, the category of morphisms between objects (A, µ) and (B, ν) is W * -rep A,B op , and the composition is given by Connes' fusion [2, Proposition II.5]. Straightforward but tedious verifications show that the unitaries V H ρ ,K σ yield a functorial embedding of this bicategory into W * -bimod.
The spatial fiber product
In this section, we use the relative tensor product to define a spatial fiber product of C * -algebras. This fiber product is an analogue of the fiber product of von Neumann algebras [17] but lacks several desirable properties like associativity. Nevertheless, it is functorial with respect to a natural class of morphisms and suits our applications in [21, 23, 24] .
C
* -algebras and W * -algebras represented on modules
We consider C * -and W * -algebras which are represented on modules of the type introduced in Section 2. Again, we write C * -and W * -bases as in (6). 
In our applications to quantum groupoids [21] , C * -a-algebras arise as follows: 
Let us collect some easy properties of morphisms:
Proof. We only prove iv), the other statements follow immediately from the definitions. Assume that a is a reduced W * -base and A H , B K are nondegenerate W * -algebras. By Proposition 2.3, 
Of course, we have an analogue of Proposition 3.6 for the categories introduced above. For later use, we note the following direct sum and direct product construction. 
)-algebras, called the direct sum and the direct product of the family (A i ) i , respectively. One easily verifies that for each j, the canonical maps
A j → i A i → i A i → A j are morphisms of C * -(a, b)-algebras A j → ⊞ i A i → i A i → A j ,
The spatial fiber product of W * -algebras
Before we introduce a spatial fiber product for C * -algebras, we reformulate the well-known fiber product construction for von Neumann algebras [17] in the language of W * -algebras and W * -modules. Throughout this subsection, let a, b, c be W * -bases as in (6) . We start with the following lemma:
Lemma 3.9. Let E K H be a concrete nondegenerate W * -module and A H a concrete W * -algebra such that E * EA ⊆ A.
i) For each T ∈ L(K), the following conditions are equivalent: (a) E
ii
) The set of all T ∈ L(K) satisfying conditions (a)-(c) is a W
Proof. i) Using the relation id K ∈ EE * , we find 
We denote the W * -algebra in (a)-(c) by
′ , and
Proof. Assertions i) and ii) follow immediately from Lemma 3.9, and assertion iii) follows easily from equation (9 
To prove that the W * -fiber product is functorial, we use the following lemma:
Proof. The first assertion is evident. Let x ∈ A β * b γ B. Then
where for all W * -bases a, b;
Proof. Tedious but straightforward.
A spatial fiber product of C * -algebras
To define a fiber product of C * -algebras, we start from the characterization of the fiber product of W * -algebras given in Proposition 3.10 and formulate a C * -algebraic analogue of Lemma 3.9. Let E K H be a concrete nondegenerate C * -module and A H a concrete C * -algebra satisfying E * EA ⊆ A. Put
Definition 3.15. Let E K H be a nondegenerate concrete C * -module. The Estrong- * , E-strong, and E-weak topology on L(K) are the topologies induced by the families of seminorms 
ii) Evidently, the multiplication in L(K) is separately continuous with respect
to the topologies introduced above, and the involution T → T * is continuous with respect to the E-strong- * and the E-weak topology.
Ind E (A) K is nondegenerate if and only if A H is nondegenerate; in that case,
Proof. 
Throughout this subsection, let a, b, c be C * -bases as in (6) . Moreover, let A β H be a C * -b-algebra and B γ K a C * -b † -algebra. We apply the induction procedure to A, B and |γ 2 
4), respectively, and let
Thus,
and
, and we have the following commutative in the category where the objects are Hilbert spaces, morphisms are concrete C * -modules, and composition is defined as in C * -mod:
Proof. i) Immediate from Proposition 3.17. ii) This follows from the relations (A
B by i). Conversely, if the last two inclusions hold, then |γ 2 = [|γB
by equation (9) . A similar argument shows that
Even in special situations, it seems to be difficult to describe the fiber product more precisely. 13 . We show that the flip Σ :
Further concrete examples will be given in Example 3.26 and Subsection 3.6.
3.4 Categorical properties of the spatial fiber product of C * -algebras
We shall see that the fiber product of C * -algebras introduced above is functorial, nonassociative, unital only in a restricted sense, contained in the fiber product of the associated W * -algebras, and distributive with respect to finite direct sums. To prove functoriality, we use the following lemma. 
id is a concrete C * -module,
Proof. The first assertion is evident. The existence of j φ follows from the fact that for all η, η ′ ∈ γ, a, a 
where
Proof. Completely analogous to the proof of Proposition 3.13.
The fiber product is not functorial with respect to nondegenerate morphisms into multiplier algebras:
and let φ and ψ be morphisms of
we do not know whether the relations
The fiber products of C * -algebras and W * -algebras are related as follows: Proposition 3.18 i) . Now, i) follows from Proposition 3.10. ii) Since the multiplication is separately σ-weakly continuous,
. Now, ii) follows from equations (10) and (12) .
Unfortunately, the fiber product of C * -algebras is not associative. More precisely, let A 
of Proposition 2.17. However, identifying the underlying Hilbert spaces via this isomorphism, we can define a "minimal"
, which is functorial in each component. 
, where H is a separable Hilbert space. Then we can identify
For each ξ ∈ H and ω ∈ H ⊗2 , define
, and
Let us now investigate whether the fiber product construction relative to a C * -base b admits a categorical unit. Such a unit should be a
We deduce that if B † and B are unital, then Ind ρ β (B † ) (A) = A and Ind ργ (B) (B) = B, and then the
is a unit for the fiber product on the full subcategories of all A α,β
The fiber product is compatible with finite sums, but neither with infinite c 0 -sums nor with infinite l ∞ -sums: 
the canonical inclusions and projections, respectively. Then there exist inverse isomorphisms
Proof. Let x = (x ij ) i,j ∈ M n (X) be positive and ζ 1 , . . . , ζ n ∈ L, η 1 , . . . , η n ∈ γ, where n ∈ N.
Consequently, there exists a c.p. map φ * id : X → L(L θ γ) satisfying (14) .
Lemma 3.31 and routine calculations yield the following result: 
ii) Assume that L = K and φ ∈ Ω β . Then we can identify K γ with K via n γ , and the map φ * id constructed above coincides with the one constructed in Proposition 3.30.
Similarly, one can construct slice maps for completely positive maps defined on the second factor in a fiber product.
The commutative case
We finally discuss fiber products of C * -algebras, where one or both of the factors involved are commutative, and give some examples. First, we need to recall some preliminaries on Hilbert C * -modules and Hilbert bundles, and fix some notation. A standard reference is [4] . Let B be a commutative C * -algebra. We denote byB the spectrum of B, that is, the set of nonzero * -homomorphisms B → C. Let E be a Hilbert C * -Bmodule. Then E corresponds to a continuous bundle of Hilbert spaces onB as follows. Put E χ := E χ C for each χ ∈B and Tot(E) := χ∈B E χ , and denote by p E : Tot(E) →B the natural projection. Each ξ ∈ E yields a section σ ξ of p E , given by χ → ξ χ := ξ χ 1 ∈ E χ . Equipped with the weakest topology that makes p E and the map Tot(E) → C given by E χ ∋ ζ → ξ χ − ζ continuous for each ξ ∈ E, the space Tot(E) becomes a continuous bundle of Hilbert spaces. Denote by Γ 0 (Tot(E)) the space of continuous sections σ of p E for which the function χ → σ(χ) vanishes at infinity. Then Γ 0 (Tot(E)) carries a natural structure of a Hilbert C * -B-module such that the map
. We call a map f :Â → Tot L(E) weakly continuous and vanishing at infinity if p E • f is continuous and for all ξ, ξ
Similarly, we call a map f :Â → Tot L(E) strong- * continuous and vanishing at infinity if p E • f is continuous and for all ξ, ξ ′ ∈ E, the map χ → f (χ)ξ pE (f (χ)) lies in Γ 0 (E ρ A). In the following lemma, we apply the preceding discussion to B = B † , E = γ.
i) F x is weakly continuous vanishing at infinity.
ii) x ∈ Ind |γ 2 (A) if and only if F x is strong- * continuous vanishing at infinity.
Proof. First, note that for all ξ, η ∈ γ and χ ∈Â,
ii) Assume that F x is strong- * continuous vanishing at infinity, and let ξ ∈ γ. Then the map χ → F x (χ)ξ (χ•ρ β ) lies in Γ 0 (γ ρ β A) and has the form σ ω for some ω ∈ γ ρ β A. We identify
, φ q(y) ) respectively, are strong- * continuous vanishing at infinity.
Proof. The proof of assertion i) is straightforward, and assertion ii) follows immediately from Theorem 3.25 i) and Lemma 3.34 ii). 
This follows from Theorem 3.35 and the fact that for each
, are strong- * continuous vanishing at infinity if and only if f ( · , y) ∈ C 0 (X) and f (x, · ) ∈ C 0 (Y ) for each y ∈ Y and x ∈ X.
ii) Let X = N, Z = {0}, and let φ 0 be the counting measure. Then 1] are strong- * continuous. In particular, we see that
A Minimal fiber products in the setting of C * -algebras
In this appendix, we use the spatial fiber product to construct a minimal fiber product of C * -algebras that is independent of a chosen representation in the following sense. Let b = (K, B, B † ) be a C * -base. Given C * -algebras A, B with nondegenerate * -homomorphisms σ : B → M (A) and ρ : B † → M (B), we define a minimal fiber product of A and B with respect to σ, ρ, b as follows. We represent A as a C * -b † -algebra and B as a C * -b-algebra, form the spatial fiber product, and then take the limit of these spatial fiber products for all admissible representations. In categorical terms, this construction is a right Kan extension [15] . For background on category theory, see [15] . We fix some terminology. Let C be a C * -algebra. A C * -C-algebra (A, ρ), briefly written A ρ , is a C * -algebra A with a nondegenerate * -homomorphism ρ : C → M (A). A morphism of C * -C-algebras A ρ and B σ is a * -homomorphism π : A → B satisfying σ(c)π(a) = π(ρ(c)a) for all c ∈ C, a ∈ A. We denote the category of all C * -C-algebras by C * of Proposition A.1. Using the assumptions on R, we choose R = (C, D, φ, ψ) ∈ R(A ρ , B σ ) such that ker φ ⊆ ker φ 2 , ker ψ ⊆ ker ψ 2 for every (C 2 , D 2 , φ 2 , ψ 2 ) ∈ R(A ρ , B σ ) and R = GR. Then for each S ∈ R(A ρ , B σ ), the map π 
We show that the C * -algebra A ρ * b σ B := S Im π S R ⊆ FR and the collection (j S ) S form a limit for the functor F, where the intersection is taken over all S ∈ R(A ρ , B σ ). Note that this intersection exists even if R(A ρ , B σ ) is not small. Let π be a morphism between objects S, T in R(A ρ , B σ ). In the diagram 
